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The Potential of a Lens, and Allied Physical Problems. 

By G. Gbeenhill. 



As a sequel to the article in this Journal, Vol. XXXIII, p. 311, on the 
"Potential of a Spherical Segment (a Lens)", some further applications may- 
be cited, by which the solution can be given of allied problems in Electricity, 
Attraction, and Hydrodynamics. 

1. Starting with U, the potential function (P. F.) of a spherical bowl of 
radius c cm, and uniform superficial density, a, in g/cm 2 super, it was shown in 
the former article (cited as A. J. M.) that O denoting the gravitation constant, 
666 X lCT 10 in C. G. S. units, 

U- = c£l + r'£l', (1) 

(A. J. M., § 8), and this is Maxwell's P of § 670, "Electricity and Magnetism" 
(E. and M.) ; and then, as in A. J. M., § 13 (18), 

1 d ._ . d , , _ dCl d£l' _ , . 

Tdr {Pr) = Tr {ra+c£i)=a+r -^ + C -W = £i - (2) 

The P. F. V in (1) is composed of two terms, of which D. in the first is 
the apparent area at P of the bowl or its base AB (fig. 1), and D. is a P. F. 
satisfying Laplace's equation; and as U is a P. F. at P, it follows that the 
second term r'Cl' is also a P. F. at P, while Of is a P. F. at J?', the inverse 
point of P in the spherical surface, £1' representing the apparent area of the 
bowl or its base AB at P'. 

Interpreted physically, D. will represent the magnetic potential at P of a 
plate bounded by the circle AB and magnetized normally, or the equivalent 
electro-magnetic potential of a current round the rim ; or it will represent the 
illumination on a page at P parallel to AB, due to skylight coming through the 
circle AB, as inside a chimney shaft or down a well, where the illumination of 
a sky of uniform brightness would be reduced by the fraction 

D. _ h 



2n V(^ 2 +a 2 )' 

at a depth h in the middle of a shaft or well of radius a. 
43 
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2. The radial component F of the attraction along PC is given by 
F d , „ . ._ dd . d£l' . c 2 „. c 2 



G<r 



, (cil + r'fl')=— c -j *"' > 

dr dr dr 



+ -»&=-*&■ 



(1) 



Thus with P on the axis, and outside the convex side of the bowl at G, 
when P' is inside at 0, 



F C /4 2 

fl' = 27t, -79— =27* -777^2 =27t cos 2 y. 



(2) 





Fig. 1. 



Fig. 2. 



With P inside at O, and P' outside at G, D.' is negative, 
£l' — — 4:7t+27tjr-r—~ 4?t+27i sin y, 

■£=2*(-2 + sin y )^ = 2*=2±*L* i 
Gc ' CO 2 cos 2 y 

"With P at AT', c = r = x', D.=n f , 

-^ =fl= 27t^^; =2* COS £y ; 



(3) 



(4) 



P outside, close to Z", and P' inside, r=c — r', 

F „, n KG . . t 
^=n' = 2 7 t TZ =2 7 tsmJy: 



(5) 
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P inside, and P' outside, close to K, 
F 



Gc 



=£!' = — 4:7t + 2rt sin^y. 



(6) 



A particle at K, inside or outside, will stick to the surface of the bowl, 
in stable equilibrium ; for if slightly displaced on a small smooth spot at K, it 
will beat time with a pendulum of length (A. J. M., § 7, p. 386), 

KA 3 



9 
Gen OA 2 ' 



(7) 



4 A KA S 

this length is --r tttv of the earth's radius with a mean density A ; or the 

3 OA 2 

1/1 A KA S \ 
beat is equal to -J ( -~ 7TT27 °^ * he P er i°d °f tne grazing satellite. 

3. In the previous demonstration it was assumed that the bowl was the 
segment of a sphere made by a plane ; but as the result is independent of the 
size of the segment, it holds true when the segment is made small ; and then 
by summation the result in (1) § 1 is seen to be unaltered in form when the 
bowl is bounded by any other curve. 

This is evident by elementary geometry in fig. 3 ; the element dS of the 

JO 

spherical surface at E has the potential -=p at P, and 




so that 



dU 
Go 



dS 



Fig. 3. 

EP=GE cos <p + CP cos 6, 

dS 



(1) 



EP EP* 



(CE cos <p+CP cos 6) 



_ dS cos g dS cos 6 ( h CP^ 

~ EP 2 EP' 2 \ Decause <jp' 

= CE-d£l+CP' -d£l', 



EP i 
EP' 



(2) 
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reckoning jQ, D.' positive when their aspect from P is the concave side of the 
howl ; and then hy summation, 

E-=c£i+r'£i', (3) 

whatever the shape of the boundary rim of the howl. 

And for F, the radial force along PC of attraction at P, 

dF dS cos 6 CP' dS cos 6 r' , rt , c 2 ._, . . . 

- G ^ = -EW- = 'CP~EP^ = T d£1 = ^ da ' (4) 

F =ta. (5) 



Ga r 2 

These two or three lines of geometry can thus replace some pages of 
analysis in Maxwell's E. and M. 
For a complete sphere, and 

P inside, £1=4*, C1'=0, 7r -=4j«J, F=0, (6) 



u 

Ga 


=4tjc, F=0, 






U 

Ga 


=47tr'= , 

r 


F 

Ga ~ 


4:7tC 2 

f 2 > 



P outside, 11=0, Cl'=±n, -7=— =4?tr'= , -77- = — %- > ( 7 ) 

the well-known results for a spherical shell, and thence for a solid sphere given 
first by Newton in the " Principia," and of pioneering interest in justifying his 
theory of gravitation. 

Because evidence has been found recently, by Prof. J. C. Adams, that 
Newton laid aside his calculations for nineteen years, till 1684, not only on 
account of his erroneous estimate of the size of the earth, at sixty land miles 
to the degree of latitude instead of sixty-nine ; but also because Newton wanted 
to prove that the attraction of a spherical body like the earth on an external 
body, like an apple at the surface, was the same as if the earth was condensed 
into a particle at the centre, an assumption good enough for its attraction on a 
distant body like the moon, but requiring justification for an apple on the 
surface. As soon as this was clear, he set to work at once on the " Principia." 

4. The theorem in § 1 is general, that if any P. F. at P is given as a 

function of r, p = cos $>, $, ^7 V=V(r, (i, $), so that V' = V (r'= — , (i, 4>) is a 
P. F. at the inverse point P', then 

r'V(r', [ i,4>) = ^rv(^ r ,n,^J is a P. F. at P. (1) 

(W. D. Niven, L. M. S., VIII, 1876, p. 66; W. Burnside, L. M. S., XXV, 
1893, p. 99). 
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The theorem is proved at once by Laplace's operator 

^ + * r i + i^i + xhw> <2) 

c 2 
which changes, for r'= — , into 

r 

r dr'* + dn { P ) d(i + 1-fi 2 # 2 ' w 

and this operator, acting as an annihilator on r'F', reduces to Laplace's 
equation 



d 2 V . „ .dV , d „ ,. dF' . 1 d 2 F' 



f 



Or in the algebraical form employed by Niven, if V in /(F, a;, y, z)=0 

d 2 V d 2 V d 2 V 
da? dy 2 dz 2 



satisfies Laplace's operator -j-j + -^ + ~j-% =0, so also does the function 



(T C C C \ 

-v, ^ -?y, pr*j=0. 

A combination of F and — F', or — V will then give a P. F., where V=V 

c r 

on the sphere r — C — r'. 

5. For a distribution symmetrical about the axis Ox, the P. F. F satisfies 
Laplace's equation in the form 

d/ dV\ d/ dV\ . ... 

d- X { y -d^) + dy{^) = ' (1) 

so that a function N can be assigned, the Stokes or stream function (S. F.), 

SUChthat dV_dN dV__ dN 

y dx ~ dy ' y dy ~ dx ' ^ ' 

and the meridian curves of the surface of constants F and N are orthogonal. 
The factor 2n of N in A. J. M., § 11, introduced by Maxwell has been 
omitted here, and the sign changed ; so that here the slope or gradient of F 
is changed into the gradient of N by a rotation through a right angle against 
the clock or sun, widdershins. Also 

dV 1 dN dV 1 dN 



(4) 



dx y dy ' dy y dx ' 

d 2 V __ d_ /1_ dN\ _ d_ /_1 dN \ 
dxdy dy\y dy I dx\y dx / ' 

d (1 dN\ d /l dN\ , 

dx\y dx/ dy\y dy) 
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Better then use the ordinary x, y coordinates instead of z, a, or Maxwell's 
b, A ; because at a large distance from the axis Ox, these equations (1) and (5) 
degenerate into 

d 2 v d 2 r _fK.j_fK.-n 

dx 2 + dy 2 ' dx 2 + dy 2 ' (6) 

as for plane orthogonal conjugate functions, V and N. 
In polar coordinates in fig. 1, with 

x = c cos y — r cos <|>, y—r sin q>, (7) 

d d . d d . d d 

-dr~=- G0 **Tr + Sm *dy> r # = Sm * dx + C0S *dj> < 8 > 

dN A dN , . ^ dN dV , . dF 

-5— = — cos* -3 h sind)-^— = wcos<i>-: hpin«i-r 

dr r da; r dy * ^ dy " r dx 

dV . dV 

d# dN , dtf . dF dF 

-7-= sin*-. heosd»-j-=-ygm4-j — h?/ cos A -7- 

rd<?> r da r dy * T dy " r dr 

dV . rdF 

= -»-&=-***-&> < 10) 

and the F gradient is changed into the N gradient by a rotation through a 
right angle with the clock and sun, deasil. 

But here x and r cos <|> are antagonistic, so that V, widdershins with N 
with respect to x and y, becomes deasil in the polar coordinates r, 4>. 

With dn the outward normal element of an equipotential F, and ds the 
element of the meridian curve of F, normal element of N, 

dN dV . ,, ,, ... , ,„„, 

~ds^ y ~dn = y ' N i— N *=$±™y ds , (11) 

and this is twice the charge or induction through the zone 8 X — 8 2 on the 
equipotential F ; a denoting the electrical density of induction. 

6. A relation similar to (1) § 4, holds for a Stokes stream function 

(S. F.) at P; denoting it by N, or N(r, (i=cos <£) and by N' = N (r'= —,(i) 

at P' , then 

— N' = -^N' (1) 

c r v ' 
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is a S. F. at P; and Laplace's operator in (2) § 4, is replaced for the S. F. by 

dr 2 ' yJ ~ r ' d(i 



s + (1-^)^5, (2) 



c 2 
changing with r = — into 



r^ + ^W+^W" (3) 

. . cN' 

so that, operating as an annihilator on — - , 

d 2 N' d 2 N' 

<•£■ +a-rt 4?=°- < 4 > 

Thus, if 

2/ 2 ilf (r, ju) = r 2 sin 2 $M(r, cos $), (5) 

is a S. F. at P, then </' 2 M (r', ft) is a S. F. at P' ; and 

= £sin'^(£,p) = -£jfM(£,,i) (6) 

is also a S. F. at P. 

Axial differentiation — will give a new P. F. and S. F., such as -3— and 

^— ; and since, in Maxwell's notation, with A=y cos i|/, 
dx 

AY dY . 1 dN . ._, 

dy dA A do 

this transverse differentiation will give a new P. F., tesseral of the first order, 
suitable for use in a uniform field perpendicular to the axis Ox. 

7. For a plane circular plate AB, not dished as a bowl, c = oo, £2'=0, and 
the result in (1) § 1, changes, in Maxwell's coordinates A, b in E. and M. § 701, 
to the expression in A. J. M., § 3, p. 378. 

W 



Gc 



=aP—AQ—b£l, (1) 



1 (dW dW dW\_ p . . 

illustrating the application of the complete Elliptic Integral, First, Second and 
Third, in P, Q, £1 ; as P here represents the potential of the rim of the plate, 
Q and li the magnetic potential for uniform magnetization, in the plate and 
normal to it. 
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For any other boundary of a plane p]ate the normal component of the 
attraction, or the magnetic potential of uniform normal magnetization, is still 
given at a point P by the conical angle £1 of the plate as seen from P. 

For if da denotes a small element of area round a point Q on the plate, 
the normal component of the attraction of the element is 

—— «- cos (angle between PQ and normal) = GetdCl (3) 



PQ 2 

and so in Ga£l for the whole area. 

Thus, for an infinite plate, £2 = 27t, and the field of the attraction is 
uniform and 2nGo; changing to — 2nGa in crossing the plate, a total change 
of 4:7iGa, in accordance with a general theorem. 

The S. F. L of the plate, with the sign changed to that in A, J. M., § 12, 
p. 391, and omitting 2n, is then given by 

J^ = labP+ibAQ+i(a*-A*)£l, (4) 

dL dU si An dL dU „ ir . ._. 

dZ =A 'W=- aaAa > -w=- A ji= GaAQ > < 5 > 

as in § 3 ; and the S. F. of P, the rim P. F., is bP + a£l. 

8. Here, as in A. J. M., § 20, p. 405, for the flat circular plate, with 
PQ = r, 0=2o, r 2 = rf cos 2 w + >"l sin 2 cj, 

2ir — a cos 6dd _ 8a K—E(x) ra(l+eos6)dd 



„„ —acosVa-y _ xg k—E(x) p _ Q _ C 

Jo r »"i + ^2 x ' " ^~J r 

_ 8a r iT coffad a __ 8a E(y)—y' 2 G _ 8a E(x) — (l—x)K 
r x Jo Aa ~~ r x y 2 ~ fi+r 2 x ' 

2w ad6 r iv 4ada r n ±adr 



(1) 



,_ r^adV __ n v Zado r 

4 r ~ Jo V(*i cos 2 6) + rl sin 2 o) ~ J r , 



V( r i cos 2 6) + r\ sin 2 a) J r% V (r? — ^ • »** — r D 

<iaG SaK 2na 
= = — i *-~5-> ( 2 ) 

r l r l+^2 R 

T 

where G, K is the complete quarter period to comodulus y' = — , or modulus 
x — : , and R is Gauss's arithmetic-geometric mean (A. G. M) of r x and r 2 . 

Inserting some further intermediate values of the series of quadric trans- 
formations, such as 
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M 



ri+r 2 4. v 2 

— V r i r - 



" = T+^ = j!i±!£4.^r ' L - (1+ ^ )M -i/ |r 1+ r, ■ ^ M ' 






i ' 



2 



M=(l + v)N= , ■ . , , ^— — ij»: (3) 

the ring potential of a mass m round the circle AB is given by 

m Q __ m K _ w L _ m M 

T x \n~ iCn+rj) -|rt ~ ICV^+V^? i* "~ 1 / K+r 2 + -ty r r V ** 

w N m ... 



i(vn+vn + ^ fir ^^ji 



For a point close to the rim, r 2 is small, and r x , 2A may be replaced by 

2a; P is then large, and Q too, but P — Q is finite; and as in A. J. M., % 22, 

writing it 

^ M* 4. a da _ f 4a sin adco t r4.a(l — sma)da . 



'o r 
the first integral 

'*"■ 4a sin « dco r r 4a sin ooY 



J* iW <&a sm odo _ r 
w r ~Jr, y{r\ — r 2 -r 2 — r\) 

_ 4a r dr _ 4a _r_ 

_ V(r!-rS)J V(^-^i) ~ VW-r 2 ;) r 2 ' w 

^asinwoa I a _ x r x la , 'i+ V(*"i— HK ,.,„ 2r x 



f** 4a sin wa« a , r x \ a i x , v ,., .. i; 

I =2-v \—r ch" 1 — =2-\l-rlog- — — -->2 1og 

«A> r V A r 2 \ A r 2 ° r a 

and the second integral, with r>r x cos a, Ao > cos a, 

r iw 4a(l — sin » Wo 4a rl — sino , n rcos codot ~ , n /n . 

I • — <— du or 2 - — : — =2 log 2, (8) 

^o r r x J cos o J 1+smo 

44 
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so that we can take 

P — 2 log — - + small terms, making 

4fi 4 

(?->-log = log— T , practically, when y' is small; and then 

r 2 y 

G = 2 log 2^±^ = 2 log ~ = 2K; or y '=4e- G =4e~ i,r ^\ *'=4e _i ^, 

as they may he written, with G'=K' — \n; (9) 

_ _ 8a r cos 2 ada 8a r 7 ,.,„ x 

P—Q= — < — | cos odo, or 4: (10) 

r x J Aa r x J x ' 

4r, 
P + Q = 2P— 4+ small terms =4 log — ^ + small terms; (11) 

er 2 

and this is large as r 2 is small. 

Thus, for example, the capacity of a ring AB, of small circular cross 
section 7ic 2 may be taken, with r 2 =c, r 1 =2a, 

2na _ na circumference of AB 

~P~ ~ " 8a _ . 64 area of circle AB (12) 

log — log -. -. — 

c area oi cross section 

For instance, with a = 10c, the capacity is -z — = - — — =0. 7168a. 

log e 80 4.382 

So also for the potential of a circular plate, in exact functions tabulated 
numerically, instead of in an approximation by series, as in Thomson and 
Tait, § 546. 

9. When the bowl in fig. 1 is insulated and electrified, the electrical poten- 
tial can be written, in analogy with the potential of the bowl itself in (1), § 1, 

(W. Thomson, Liouville, Oct. 8, 1845, " Electrical Papers," XVIII, p. 178 ; 
J. C. Maxwell, "Scientific Papers," II, p. 303; Ferrers, Q. J. M., XVIII, 
1881, p. 97 ; Gallop, Q. J. M., XXI, 1886, p. 229.) 

V=a+ —o'=a+ —o', cV = cu + r'co', (1) 

re 

where, in fig. 1, o and a' are plane angles, given by 

2a 2a 2r sin y 
smu= — ■ — , smco'=- r - — -, — ■ — '— , (2) 

r 2 
r,= PA, r 2 =PB, t\=P'A, r' t =P'B, OP = r, OP'=r'= — , (3) 

r 

AB—2a, AGB — 2y, a=csiny, OC = cco$y, OA — c, (4) 

r[ AP' DP' r' — c r' c r 2 r\-\-r' t sin co 



r AP DP c — r c r r 2 ^1+^2 sin o 



/ ' 



(5) 
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the ratio of the line elements or relative magnification at P and P'; and 
sin g), sin a' is the excentricity of the ellipse with foci at A, B, passing through 
P and P'. 

The statement in (1) is verified, because o and —a' are P. F.'s at P: and 

r 

over the bowl AKB, r=r' = c, r' x =r x , r' 2 = r 2 , sin «' = sin o>, a'=7t— g>, so that 

V—tl; while o)=6)', F=2o> over the remaining part AK'B of the spherical 

surface. At infinity, r x = r 2 = r = oo , r' = , 

a csiny csiny , cy E 
co=sino)= — = -.sinu'^siny, F(oo) = '- A — '- = — , (6) 

f T f if T 

so that the charge E=c(y-\- siny). 

The term w in V is the potential of the electrification of the fiat circular 

G 

disc AB, insulated and at potential %n; but the term — a' is obtained by in- 
version of the disc AB with respect to C, as the potential of a bowl AHB on 
the base AB, part of a spherical surface passing through C, when this bowl is 
earthed and influenced by a point charge — inc at C ; because o'=%7t over 
AHB. 

The sum of the two terms is then the electric potential of the insulated 
bowl on the base AB, centre at C. 

10. The difference of the two terms 

V = - a +± 1i t (1) 

is also a P. F., zero over the spherical bowl AK'B, where r=c, o' — a = 0; but 

over AKB, , , „ _ _ , 

' ct'+(o=n, V=7t—2u> = 2a'—n. (2) 

At infinity, r 1 = r 2 = r = co, r' = 0; 

a csiny . c , . 

u=smo= — — '-, sinw' = smy, V'= — (y — smy), (3) 

so that the charge is c(y — sin y). 

At the centre C, where r=0, o—y, 

— 6)'=siny, F= — y + sin y. (4) 

Mr. J. E. Wilton gives (Messenger of Mathematics, p. 96, August, 1914), 

<p = -o+-^(7t-o') (5) 

as the P. P. of the bowl AKB, uninsulated, in presence of a point charge nc 
at the centre C. 
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11. The S. F. A of the P. F. a is then found to be given by 

A=i^[AB 2 — (PA— PB) 2 ]=^/ (PA • PB) sini APB, (1) 

so that A is the semi-conjugate axis of the confocal hyperbola through P, and 
the meridian curves of constant a and A are confocal ellipses and hyperbolas. 
More generally, any oblate spheroid of which the disc AB is the focal 
circle, if insulated and electrified with a charge E, will have a P. F. V and 
S. F. A 7 given at an external point P in the meridian plane APB by 

Tr 2E . , AB AT n If, /PA-PBV1 , . 

as this verifies at infinity, where PA=PB=PO= infinity, and 

2E . _,AB_ 2S AE__JL m 

AB &m 2PO~AB'2PO~PO' {) 



The electrical density a at a point Q on the spheroid will be given by 
El 1 electrical force 



a = 



2n QA + QB ^(QA-QB) " 4* 



2o / (irx ; aY 2 \ 
da _ r 1 +^2\^ a; dx/ __ ax __ A 
dx~ 2B Br x r % r x ii 2 



(4) 



electrical force =4^= ^Tfrgj ^ (QA ■ QB) ' (5) 

electrical charge on the zone QK= half the difference of 
the S. F. at K and Q = \ E (l -^ [l - (QAz^Ej J j . ( 6 ) 

12. Putting 

as before in (1) § 11, where 

rl = a?+(y + ay, r\=x*+(y-a)\ r\-r\=±ay, (2) 

di\ __ a; dr 2 __ x dr x __ y + a dr 2 _ y — a ._. 

da> ~~ r 2 ' <fe ~ r 2 ' Ay ~~ r x ' dy r 2 ' 

B = ^/(] r r 1 r 2 +x 2 +y 2 -a*), A = ^(t-r 1 r 2 -x 2 -y*+a 2 ), (4) 

5 2 + ^ 2 = rir2> B 2_j^ =x 2 +y 2_ a 2^ AB = ax, (5) 

^4, 5 = \ yj (r x r 2 +2ax) =f 4 ^(r 1 r 2 —2ax), (6) 

• -i 2a _ 3 22? 

u = sin l — ; — = cos ] — ; — -, (7) 

ri+r 2 r 1 + r 2 



(8) 
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1 / \(dr, du\ , \(y-\-a y — <A 

dA - * "•■- r '» ( -4 - -4) ; . , ~ (f *~ f,) IV ~ V) 

o> ^. 4.4 

_ y(*i— ^) 2 — o(ri— tj) _ y(« 2 — ^ 2 )— a'y _ y^ _ gg (9) 

4:At\r 2 Ar x r 2 t\r 2 y dx ' 

-2a (y + a y—a 



<k> _ ry+fj wj *W __ — ay(yx+ ^2) +a 2 (? , 1 — r 2 ) 

a> — 25 " .Sr^ ( r x -f r 2 ) 

^ -ay(fj-fl) + a'(ri-r,)' = -aV+a 2 (a 2 -i 2 ) 
Br x r 2 {r\— r\) Br x r 2 ay 

ax 2 —aB* xAB—aB 2 xA — aB 



Br x r 2 y 


£r 


i^y 


r^y ' 


-±(*i- 




--) 


^(r!— r 2 ) 2 




4 




4.4 r^ 


a>( — ^H 


-a 2 ) _ - 


-«^ 2 +a^B — a^l + ai? 



(10) 



dA 
dx 

- - - - -y^ (ii) 

which proves, as defined in (2), § 5, that A is the S. F. of the P. F. 0, as stated 
above in § 11. 

Similarly, we prove that B is the S. F. of the P. F. 

{0l=ch - 1 _^L =Bh -i _A^_, (12) 

ri—U r x —i\ 

and 6) x can be the P. F. of the electrification of the infinite plate with the cir- 
cular hole A B cut out, or of any confocal hyperboloid of revolution, the electric 
charge being infinite. 

Then B is the semi-minor axis of the confocal ellipse through P, and 

B = aGota — xcothai — \/(r 1 r 2 ) cos %APB, (13) 

A = xtana — a th 01= VC^Vs) sm i APB; (14) 

these relations help to settle a doubtful sign. 
13. The S. F. at P of the P. F. a being 

4 = V(fir.) sini4Pi? = A j[a 2 -(^?y], (1) 

as proved by the preceding differentiations, the S. F. at P' of the P. F. u' is 
4'= V(»-IrJ) sin i 4P'£ = ^ [a 2 -(!i^) 2 ] 

= >l[^^V-^(^) 2 ]^^[^in 2 r-(^) 2 ]- (2) 
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and then by (1), §6, 

C = y/(r 1 r l ) sin \ AP'B = ^Tr 2 sin 2 y- fe^V] (3) 

is a S. F. at P. 

But we must not suppose that it has the P. F. — a': the S. F. of this P. F. 

r 

G • C 

— a' must be determined to have the S.F. by addition of the whole P.F. a-\ a'. 

r r 

By analogy with the S. F. of the material of the bowl, given in A. J. M., 
§ 12, where, with the sign changed, AQ is the S. F. of the P. F. II, satisfying 
the relations of A. J. M., § 13, 

dAQ _ _ A d& dAQ d£l 

dA ~ db' ~~db~ dA ' (4) 

and so there the P. F. — £l' has the S. F. aP—cQ. cos V — c£V cos $ ; the analogy 

c 
shows that the S. F. of the P. F. — a' will contain a term ca' cos d>, and 

Mr. Wilton has found (Messenger of Mathematics, p. 70, August, 1914), that 
the complete expression is 

ca— co' cos <£, the S. F. of the P. F. — a'. (5) 



Thus the P. F. 

V=a+ — o' (6) 

r 

has the S. F. 

N=A + ca — ca' cos q>. (7) 

This is verified by the differentiation 

dN dV __ dA dot da da' , . sin $ 

dx dy ~ dx ^ dy dx dx ^ ^ r 

I c da' c , . \ 

da t da' , , da' . \ (da , da'\ „ 

==C dx +C {-^ C0 ^ + ^y- Sm V = C {Tx + -dF)=°' (8) 

dN dV dA da , da da' , . cosd> 

— = y— j— = — n y-r -f c-= c-p- cos <J> + cgj smd> - 

dy dx dy dx dy dy r 

I c da' , c , \ 

- rsm *{T-dx + -? (dC0S V 

da Ida' . , da' \ Ida da'\ . 

= c- 7 c(- 7 — smd> + -y— cos* =c l-j ,— =0. (9) 

a?/ \ ote as/ / \dy rdtyl 
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These relations in (8) (9) are verified by putting 

B '=V[(^)- oI ]=V D ' ^'^p-C-^ ]=T°' (10) 



as before ; and then, differentiating, 
da' r' do' c 2 (do' . . , da' 



c 2 /da' . did' \ 



rd<p r r'dty r 2 \dx' dy' 

c 2 (— A'smti x'A'—aB' \ A' sin <p , x' A'— aB' 

= -?[ t-j-^- H r-r-, — cos$>) = -\ 2 — G0S< P 

r 2 \ r[r' 2 r[r' 2 y' V r x r 2 rr *_„ 

7 i'2 2 y 

C I C^ \ C C 

— C sin d> \c cos y — — cos d> — G cos d>— c sin y — D cos * 
r i ^ r I r r 

r-,r» ! c 2 

r^-jy 

tC / C 2 \ T T ~~\ 

— — Crsin 2 4>+(ccosy cos^l— Ccos<£ — csin y — Dcos<p \-±r x r 2 y 



— [( — c +' r cos $ cos y)C — ^ r sm 7 cos 4*1 -^-r^w 

= [#( — C cos y +D siny) — a(C sin y+Z> cos y)] ^rr x r 2 y 
xA — aB did 



(11) 



r x r 2 y ' dy 1 

because AE, BE bisect the angles PAP', PBP' if the spherical surface cuts 
CPP' in E; and (APC, AEC, AP'C)(BPC, BEG, BP'G) are angles in arith- 
metical progression, and so is their difference, so that 

%APB+iAP'B = AEB=y, (12) 

^ = y(r x r 2 ) sin | JP£=V(r 1 r 2 ) sin (y— lAP'B)=Dsmy— Ccosy, (13) 

B = ^(r 1 r 2 )eosiAPB=^(r 1 r 2 ) cos (y— \APB) =Z) cos y + C sin y, . (14) 

as if A, B and C, D were orthogonal components of the same vector. 
Differentiating again 

da' r' da' c 2 I da' da' . \ 

"di=-TlP = -^\—d^' G0 ^ + W Bm V 

_ c 2 /J.'cos$> x'A'—aB' . 



2 \ / / ~\ TT-, — sin $ 

r \ r x r 2 r^r 2 y' 



(C \ G C 

c cos y cos <p ) — C sin $> — c sin y — D sin ty 



r x r 2 c 2 . ^ 

r^ — smQ 

= °~C eos$ — (cosy— — cos$j C+D siny m-?v 2 

— C cos y+D siny A da .._. 

= — L — ■=—j-- (I 5 ) 

r x r 2 r x r 2 dx 
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Mr. Wilton has considered also the S. F. 

C0SG>+C0S6>' 

a -. =B4-D, (16) 

sin w 

which vanishes over the bowl, and has the P. F. 

co siny + co 1 (l+ cosy), (17) 

and investigated the physical interpretation. So also 

^h^+shco; 

ch «! 

is a S. F. with a P. F. 

o(l — cos y) +a t sin y. (19) 

Other combinations can be made and interpreted (J. R. Wilton, Messenger 
of Mathematics, p. 75, August, 1914). 

14. Over the bowl AKPiB, 

r — c, r 1 = 2csin|(? / +<?>), r 2 = 2csin-| (y— $), r! + »" 2 =4csm-§3/cosi<?>, (1) 

„,•„„_ 2a _ 2csiny _ oosjy _ ffff' 

bill O) — ■ ■ — —. ; - : — — — ; — - — „ T r, • \6) 

r x +r 2 4c sin ^ y cos J $ cos ^ <£> PK' 

But over BK'A, the rest of the spherical surface, 

r 1 — 2csm^ ($ + y), r , 2 =2csinj ($— y), r 1 +r i =^cco^^ye,va.^^ (3) 

sin I y AK . . . 

sinu=-r-^-=7^. (4) 

sm i <p QK v ' 

n 

The P. F. V= co -\ co' must be adjusted as a single valued function, 

r 

although co and a' are multiple-valued. 

Starting from a point 8 on the spherical surface AK'B, where 

o = g)'= sin -1 -^^, (5) 

taken as the acute angle, and V=2a, let the point P travel from 8 to P t on 
the interior of the bowl, and for simplicity along the orthogonal circle, with 
limiting points A and B. 

Then P' will travel from S along this circle in the opposite direction, and 
will reach a point P on the outside of the bowl, coincident with P { . In this 
path P' does not cross the base AB of the bowl, and a' never reaches \ n, and 
cos to' remains positive. 

But P in crossing the base AB makes w= i n; and beyond AB and up to 
P t we must take a>in, and cos to negative. 
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Thus if 6> , « f denotes the value of w according as it is reached from 8 by 
a path to the outside at P , or inside at P 4 of the bowl, 

sin cj = sin (jj= t>r-> > cosg) = — cosa^, o -\-(0i=7t, (6) 

making n the potential on the bowl ; and we can put 

BW 
co =i(n-d), a,= i(»+e), cosi0=-p^, (7) 

where | is a positive acute angle. At 8, the S. F. is 

AK 

N{S) = iy{AB i — (8A — 8B) 2 ]+c(l— cos d>) sin" 1 =9; (8) 

oil. 

and travelling from 8 to P iy 

NiPt) =A + ca i —ca cos $= £ V [AB 2 — (P4 — PB) 2 ] 

+ i(7t+6)c — i(n — 6)c(ios<i>. (9) 

At 5, 6 = 0, ^=0, $=y, N(B) = inc(l—eosy), (10) 

NiPi)— N(B)=A+% (n+6)c—i (n— 6) c eos <p—i tic (1— cosy). (11) 
At K, 6=y, <?» = 0, ^ = a = csinj/, 

N(K)=c sinj/+ i (7t+y)c— 1 (71— y)c = c siny+cy, (12) 

N(Ki)— N (B) =c siny + cy+ inc(l— cosy). (13) 

15. Denoting by cr € the electrical density at P if on the inside of the bowl, 

ina{=+ *p = _±*mri (1) 

dr y cdty v ' 

and the charge on the interior of the bowl swept out by the revolution of the 

arc P t B is $2xa i ycd<l>=$N{P t )-$N(B), (2) 

and the total charge on the interior of the bowl is 

iN(K { ) — iN(B) = i(csmy+cy) — i7tc(l—G0sy). (3) 

At P on the exterior of the bowl the sign of A must be changed in the 
S. F., and a , a 4 interchanged, making 

N(P )= — A + ca — Cdf cos $ 

= — i VUB 2 -(PA-PB) 2 ] + $ (rt-d)c- i (n+6)c cos $, (4) 
N(K )= — csmy— cy. (5) 

The electrical density ct on the outside of the bowl, at P , is then given by 
,„„_ dV _ldN{P^ 

and the charge on the outside of the part of the bowl swept out by P B is 

f27ta ycd<p=lN(B)-$N(P ), (7) 

45 
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and the total charge on the outside is 

IN(B) — $N(K ) = i(cy + c sin y) + lnc(l— cosy). (8) 

The total charge on the howl, outside and inside, is then 

i N(K )- 1 N(K i )=cy+c sin y (9) 

at potential n, so that the capacity of the howl is 

cy+c siny arc AKB + chord A OB _ meridian girth 

n - 2* ~ 2^ ' (10) 

this is the radins of a sphere of the same girth. 

This verifies for the complete sphere, and a flat circular disc AB. 
The difference of the charge on the part of the bowl swept out by KP, 
outside and inside, is 

$2n(o (> -o i )ycd<p=lN(P )-iN(K ) + iN(K i )-tN(P i ) 

= \ (n—6) c—i(7t+$)c cos q>— i (n—B) c cos $+ £ (n+6) c 

,i . surface of the part ,__^ 

= *e(l— COS$) = — Z , (11) 

1 n 

so that the difference a Q — a t is constant = — , 47t(<r — o t ) = — . (12) 

ttC c 

16. At P { on the bowl 

A— 4 V (4c 2 sin 2 y— 16c 2 cos 2 |y sin 2 i$) 
= 2cos 2 ij/\/(cos 2 -£<?>— cos 2 1 7), (1) 

Oi=i(n+6), a =l(7t— 0), (2) 

dat _ da _ dd _ -| cos | y tan | <£> 

ltij>~~ ~d$ ~^dlp ~ V(cos 2 i4>— cos 2 Jy) ' ' 3 ' 

cosi^^U, BmiO= V(ooB, *»7 eofl, *y> > (4) 

cosi^) cosi<|> ' v ' 

cos 4" *v 

tan 6) = cot £0 = -77 =— — — - — 5- — r , (5) 

V(cos 2 i4>— cos 2 fj/) v y 

N(P { ) = 2ccosij/\/(cos 2 i4»— cos 2 47)+cw i — C6) cos^>, (6) 

^(Pj) icosi/sin^) d0 

tt^= 77 rr^ h — r — 4(1 + cos A) 7- +a sm<i> 

cd$ V( cos i<?>— cos 2 ^y) ^ v T ' dfy Y 

cos Ay sin d> . ,, x . 

= ~ V(cos 2 ^-cos 2 i y ) +a)oSm » = - (tan<Jo -" o)sm ^ < 7 > 

c sin $ ca$ c v y 

4 7 t(<r -cr i ) = ^=^>, (9) 

4wB= a t +tan aB =a< -tana f> (1Q) 
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If the potential is U, instead of n, these values of a and the charge in 
(9) , § 15, must be multiplied by — , making 

71 

4710;= — (tan « — 6) ) , 4:7t<y — — (g^ — tan a € ) , (11) 

nc Ttc 

U r AK' AK' 1 

i7t<Ji= ™Yy{AK*-KPl) ~ tan_1 y{AK*-KPl) J ' (12) 

AK' 
tan 6) = — tan a t = ■ ( ^ g2 _ gP 2 ) • ( 13 ) 

Draw the circle, centre £"' and radius -BT'Po , cutting 2T.4 in B, i?' ; then, 

AR*=K'R 2 — K'A 2 =K'P 2 —K'A 2 =KA 2 —KPl; 

ARK'=a , AK'R=$d, RK'R' = 6. (14) 

Anywhere on the axis G on the convex side of the bowl, 

a a OA . . CGsiny . „.„ 

A = 0, sin a = -779 = sin VGA, sin o = ~ ' = sin GAG, 

Abr ' AG 

a = CGA, a'=n—CAG, $>=0, (15) 

N(G)=A + ca— ca' = a + c(CGA + CAG)a— cy=c(s'my— y), (16) 

A r (6r')=.4 + a>'— co=a + cy=a(sm y+y). (17) 

And anywhere on the axis at H on the concave side of the bowl, beyond C, 

A = 0, a = CHA, a' = CAH, $=n, (18) 

N (H) =a+ cu + ca' = a+ cy = c (sin y+y) . (19) 

Thus N is a-\-cy on the concave side along the axis UK, and changes to 
a — cy along the prolongation KG, in crossing the bowl to the convex side. 

17. For the hydrodynamical application to the axial motion U of the 
circular base AB through an infinite liquid, the velocity function (V. F.) V and 
stream function (S. F.) N are given by 

tan a — a T T 2 6>— i sin 2o 

F=Z7a; — I^ - ' N=iUy — 7 (1) 

at P ; and at P', 

V' = Ux> tan ?- a ' , N'=tUy« a '-\ sin2a ' ; (2) 

f 71 $71 

and the combination 

V+ — V, with iV+— N', (3) 

will serve for Basset's expression of the V. F. and S. F. in the liquid motion 
due to the axial velocity U of the bowl, in agreement with that given in his 
" Hydrodynamics/' I, pp. 153-156. 
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Fixed in the current, in an axial stream U past the circular base AB, 

V=-Ux(l-*2*=*\ N=lUy*(l- °>-$ s ' m2a \ (4) 

with to= \n, ZV=0 over the disc AB; while the V. F. 

22V cos i^ TT L cj— isin2w\ , 

T =Uy\l— 1 I cos 4* (5) 



y \ \n 

will give the potential of the electric field, uniform and of potential Uy cos 4 1 
across the axis Ox, when the field is disturbed by the disc AB, earthed to zero 
potential ; with similar extensions when the disc is replaced by the bowl. 

If the bowl is to earth in an axial field TJx, the potential of the field is 
changed to 

/caeosy tan w — cj\ , T , c /ca'cosy , , tancj'— a'\ 
V=U( '- -\-x ) + U — '--\-x' 

— U(cGOSy — x). (6) 
(Basset, I, p. 154; Gallop, Q. J. M., XXI, p. 256), with the S. F. 



N=v( AcG0Sy | | y 2 "-ism2aA 



+vS _(4^y + iy ^-m y w (7) 

18. Similar extensions can be made with applications of the conical 
angle £l, Of, instead of plane angles a, a'. 

"With the P. F. of the material of the bowl 

V=Q.+ ^-£l'=£l+-Q.', (1) 

r c 

V=£l+£l' = 2Q. over the spherical surface AK'B; but over the bowl AKB, 

£l i =2 7 t+£l 1 , n =— 271+Qa, fl+Xl , =fi i +fi =2fl 1 , (2) 

so that V is not constant over the bowl AKB, or the rest of the sphere. 
To obtain a constant potential over the surface, take 

V=£l-^a, (3) 

which is zero over AK'B, and 47t over AKB; and this V can serve for the 
electric potential when the part AK'B of the sphere is to earth, and the other 
part AKB is changed to potential 47t, the insulation being made perfect along 
the line of separation of the two parts AKB, AK'B. 

The associated S. F. can be written down, as the difference of those given 
in § 13, 

N=— AQ—aP + cQ. cosy + c£l' cos $. (4) 
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But along the insulating circle AB, A = a, P+Q = cc; and the charge on 
each bowl is infinite, with an infinite electromotive force across the line of 
perfect insulation, so here is an electrical version of the old dynamical paradox 
of an irresistible force, push, or blow, applied to an immovable body. 

The question was proposed for the special case of two hemispheres in the 
Mathematical Tripos, II, 1912, and the answer given in a series, but the series 
is divergent and the result infinite, as it should be. 

19. With the potential of the bowl, 

r = a+±a: <i) 

dr dr r dr r* r l v ' 

dV _ dD. c d£i' _ Q 

rd<p rdq> r rdq> ~ r ' ^ ' 

dV dV , dV . c _, Q . 

-J— = -r-cosdH ^-sinA= — 5-ii'cosd) -Sii6; (4) 

dx dr 7 rd<p r r r ^ v ; 

and as this is a P. F. at P, there is another P. F. at P', 

>< 
or another P. F. at P, 



c Q' r 2 

^ncos4>— — sin4>=-^(ncos4)— QsinQ), (5) 



c 

The associated S. F. can be obtained from 

dN _ 
dx 



-2 (flcos<?>— Q sin$). (6) 



dV . (dV , dV \ 

— — r sm d> -j— = — r smd> I - r - sin^ j—cos d> ) 

dy T \dr T rd$ V 

= r sin # ( -^- fT sin <£ + — cos <£> j 

= — a'sin 2 4>+Qsin4)Cos4)=lf 1 , (7) 



suppose, and there is another S. F. at P, 



M 2 =- 
2 c 



Then 



(c \ r 2 

— :Q sin 2 <£> + #' $m<pcos<p) = -$ (£2sin 2 <?) + #sin$ cos <p). (8) 

M 2 — Mi= (— n— -£- il') sin 2 $+ (■£ — lj £ sin <?> cos $ (9) 



is a S. F., zero over AK'B, where r=c, £l=£l', and over the bowl AKB, 



M 1 — ilf a =47tsin 2 <?>=47t^- (10) 
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Thus M 1 — M 2 is the S. F. of the liquid motion at the instant when the 
spherical lid AKB is dropped on the spherical bowl AK'B, or lifted again, the 
liquid velocity being great where the windage is small. 

An interpretation can also be given to the motion where the V. F. is 

^^eos*=[(^_^a-)sin*+(^-A)«co S <»,]cos*, (11) 

the lid AKB sliding across the bowl AK'B. 

20. Figures of revolution can also be made in fig. 1 about the axis Oy. 
For a uniform rod AB, or a conf ocal prolate spheroid with an electric charge E, 

V =%^T~, N=E(PA-PB), (1, 

obtained from the integral for the potential of a uniform rod 

r d JL ^sh-i^-sh-i^^ch-^-ch- 1 ^ 

J- a \/[% 2 + (y' — y) 2 ] x xxx 

— sh- 1 a ( r i+ r ^—y( r i— r 2) _ cll -i r i r 2— y z + a 2 

' '"''"''' X 2 ' X 2 

= 2th-*J ri Vr^t a 2 2 = 2th-iJ^=2th-i^. (2) 

v r 1 r i +x i —y 2 +a? r t +r 2 r x —r 2 ' 

Then 

F =s h-i^+ a =ch- 1 -^, N=r lt (3) 

x x v J 

gives the P. F. and S. F. for a positive semi-infinite rod Ay, and negative 
rod Ay'. With the break at 0, and a=0, 

V=sh.- 1 ^- =sh- 1 tan0 = ch- 1 'sec0=log(sec0+tan0), N=r, (4) 

so that the stream sheets are spherical and of uniform thickness, the flow 
issuing from a pole, and disappearing at the other pole, with velocity inversely 
as the distance from the axis. 

In the conformal representation on a Mercator chart, there would be a 
uniform current, North and South. The S. F. 

N=E(PA+PB) has the P. F.~ th- 1 ~^— = ~ th" 1 PA ~J >B , (5) 

AB r x +r 2 AB AB v ; 

as required for conf ocal hyperboloids of revolution about the focal line AB, 
and excentricity AB+- (PA—PB). 

The typical element of a P. F. is — , as of a point source or sphere ; and 
then the S. F. is cos or sin according as Ox or Oy is the axis. 
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But the simplest element of a S. F. is r, as in (i), for a line source Oy, 
and a line sink Oy'. 

The single line source Oy would have the 

S. F. N=r—y, and V. F. F=sh- J 2- + log x= log (r+y), (6) 

and surfaces of constant N and V are orthogonal confocal paraboloids, with* 
focus at 0. 

21. For a magnetic molecule, or sphere magnetized uniformly or moving 
in infinite liquid in direction Ox, 

d 1 oo „_ d _ d$ _ sin 2 <p y 2 

dx r " r 3 ' ~ dx dx r r 3 ' 

dN _ dV _ 3xy 2 dN __ <^_2y_3xy* 

dx ~ y dy ~ r 5 ' dy ~ y dx ~ r 3 r 5 ' { ' 

For a magnetized oblate spheroid, on a focal circle AB, magnetized axially, 
or for the liquid motion due to axial velocity U, 

T7 _ UxAft) lUy>B(X) 

25(0) ' J5(0) ' {6) 

AB 

A (Pi) = tan o—-6), jB(A,)=|w — \ sin 2a, sino>= p , pR , (4) 

and .4(0), B(0) the value of A{X), B("k) over the surface of the spheroid. 
For a prolate spheroid with a focal line AB, magnetized or moving 

axially, 

UyA(X) jUy>B(V 

V ~ 25(0)'' 5(0) ' K?) 

^W=lsh2^-K, 2?(;i)=f-th£, t^=™= P /+f g = ^r. ( 6 ) 
and then 

B(X) = th-^ Hi-, 

^ W =i I . , I 2 o„ Bh"> __^_-- 1 (7) 



/ 2 _ sh - 2 \ 

I ri + ^g 2a fi+f 2 2a I 

\ 2a r x +r 2 2a r x +r 2 J 



22. The expression for the potential TP of the solid homogeneous 
ellipsoid 

a 2 ^ /3 2 ^ y 2 ^ ; 

can be derived from the components of the attraction, in the manner of §§ 8, 10, 
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A. J. M., p. 387, for the lens, by treating the potential as a homogeneous 
function of the second degree in x, y, z, and a, {3, or y, so that 

oia7 dW , dW , cW , dW 

da dx " dy dz K ' 

It is not so difficult then (Thomson and Tait, §494), to prove, as in 
Dirichlet's manner that the components of the attraction are given by 

dW dW dW_ r m knGpafiyix, y, g) d$ 
dx' dy' dz~ X ^+o?,4>+(3\ ^+f P(+) ' () 

P^(^)=4-^+a 2 -^+/3 2 -^+y 2 , (4) 

and the confocal ellipsoid through the attracted point (x, y, z) is 

af +7^S + T^3 = 1; (5) 



^+a 2 ' a+/3 2 ' /l+y 2 

while a -= — , due to the uniform swelling of the ellipsoid in (1), whereby 

(a, (3, y, p) increases slightly by A; (a, (3, y, p), p denoting the perpendicular 
from the centre on a tangent plane. 

This makes dW the P. F. of a film, or coat of matter like paint, of thick- 
ness kp and superficial density a — kpp, equivalent of an electrical film of super- 
ficial electrical density JcGpp, and charge 

E = kGpfpdS = kGp (three times the volume of the ellipsoid, or 4:7ta@y), 

and then a=-. — „ n . (6) 

4nGa(3y 

Assuming the expression for the potential of this electrical distribution 
in equilibrium as 

rm (7) 

this makes, with da for ka, 

r&nkGpafiy(H> dW r ^nGpaflyd^ 

dW -j — pm — ' "jo^-J p~m (8) 

Thence the complete expression of W as 

w-Td ^— £- g2 \ 2ggpag2^ , q x 

A V ^+o? ++(3* 4,+f) P{$) ' {y) 

in which each term has received a physical interpretation. 

If (x, y, z) is inside the ellipsoid, the lower limit A, must be replaced by zero. 

23. In Professor Andrew Gray's method, " On the Attraction of a 
Spherical and Ellipsoidal Shell " (Proceedings Edinburgh Mathematical 
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Society, 1914), he produces GE in figure 3 to meet the concentric sphere 
through P in E', and then AE' is parallel to P'E and equal to EP, 

dF dS cos CA 2 dS' cos 



= ~d£i', 



(1) 



Go Ep 2 GP 2 AE' 2 

where dCl' is the conical angle subtended at A by dS' at E'. 

He extends the method to the ellipsoidal shell through E in figure 4, 
drawing the confocal ellipsoid through P, and taking A, P, and E, E' corre- 
sponding points on the ellipsoids, so that AE'=EP. 




Fig. 4. 

Draw the diameter parallel to AE, cutting the tangent plane at A, E in 
W , W ; and denote the perpendicular from the centre on the tangent plane 
at A, E by p , p; and denote the angle which AE makes with the normal at 
A, E by $ , q>; then p see$ = OW , p seoq>=:OW; and the plane through 
and the line of intersection of the tangent planes at A, E bisects AE, so that 

OW —OW, p secq> =p sec$. (2) 

Similarly with m , w the perpendicular from the centre on the tangent 
planes at P, E', and O , the angles which EP, AE' make with the normal at 
P, E', Professor Gray finds 

w a sec o = !tt sec 6; (3) 

the equivalent of OV =OV, if OV , OV, parallel to EP, AE' cut the tangent 
planes at P, E' in V , V. 
46 
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For if (x, y, z), (%', y', z') are the coordinates of P, E, 

PE _ perpendicular from E on the tangent plane at P 
OV ~ perpendicular from on the tangent plane at P 

_ xx' yy' zz' 

. AE' 
and this ratio is unaltered in _ ■ , because the coordinates of the correspond- 
ing points A, E' are 

x ''=*^-?^h' y ''=y^j+B>> s " =s ^x+?' (5) 



so that 



,+ a 2 ' » _ *\;i + /3 2 ' X/l+y 2 

— \ — a 2 ""' ^ ~ y \ /3 2 ' ~ \ y 2 ' ^ ' 

rf'x"'=xaf, y"y'"—yy', z"z'"=zz', (7) 

of ~ X+^ — y+? 2 ~ x+7 ~ on () 

But from the fundamental property of corresponding points 



=« 2 



JCT?- w+ ^^ + "" 



^MI-^ttsI-S^'+^It +1) + 



= £ 2 +*/ 2 + s 2 — X— 2«a;'— 2yy'— 2zz' + %+x' 2 +y' 2 +z' 2 
= (*-a') 2 + («/-2/') 2 + (2-£') 2 =P# 2 . (9) 

OF =OF, nr o sec0 o =»sec0. (10) 

Draw a cone of small conical angle d£l from the vertex at P to cut out 
area elements dS, dS x of the ellipsoid at E, E x , the axis PEE 1 at an angle 
q>, fa with the normal at E, E t , so that 

dS=PE 2 sec $d£l, dS 1 =PE\ sec ftiQ. (11) 

Then with superficial density on the ellipsoid, proportioned to p the per- 
pendicular on the tangent plane, the ratio of the attraction of these elements 
at E, E x on P is 

pdS 
W =J ^ec£ =1 

PidS x p 1 sec <p t v ' 

PE\ 
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Thus, if P was inside the ellipsoid, the attraction of the elements would be 
equal and opposite, and the attraction of the shell is zero. 

But with P external the normal PQ of the confocal through P is the axis 
of the enveloping cone; another elementary cone PF-lF can be drawn equally- 
inclined to PQ, of the same small conical angle d£i, and contributing an equal 
attraction ; also EF, E-JP^ pass through Q, and make equal angles with PQ, 
where Q is the pole of the tangent plane at P with respect to the ellipsoid 
through E. 

The surface of the ellipsoid can be exhausted by such pairs of cones of 
equal attraction, equally inclined to the normal PQ, so that the resultant 
attraction at P of the ellipsoidal shell is along the normal of the confocal 
through P, which confocal is thus a level surface. 

Moreover, if the shell is divided by the plane of contact of the tangent 
cone from P, the two parts of the shell exert equal attraction on P. 

24. With dS' the element of surface at E' on the ellipsoid PE' , corre- 
sponding to dS at E on AE, 

JO/ 

— 777 = ratio of corresponding conical elements of volume with vertex at 

pda 

= ratio of whole volume of ellipsoids =-J 202^2 (1) 

and then with superficial density kpp at E, the normal component dF of the 
attraction at P of the element dS at E is given by 

dF _ p cos 6 dS _ m cos 6 dS' j afly 

Tfy ~ PW " PE 2 \ (^ + a 2 • X+/3 2 • -l + f) 

_ w cos 6dS' 2a@y 2a(3y 

Thus, for the whole ellipsoid, H'—^-jt, as A is inside the ellipsoid PE', and 
F 2a.8y . volume of ellipsoid AE .... 



kGp °P(A) ° volume of ellipsoid PE' ' 

The potential U of this shell is then the work required to carry P off to infinity, 

and so 

U=fFdm , with vo dvo =i dh. (4) 

The electric charge E, or mass of the shell, is given by 

E= fkGppdS=4:7tkGpapy, (5) 

TJ _ r x irtkGpapydh _ r" Edh ,§, 
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and the level surfaces are the confocal ellipsoids of the system 

/1 ' 2 v 2 z % 

+ TT« + TTT5=1- (7) 



^+a 2 ' ^+^ 2 ' X+y 2 

And conversely, ?7 in (6) is the potential of a mass E, if its external 
level surfaces are given by the system in (7). 

This is Professor Gray's proof; but our desideratum is to refer Cl' to 
some internal point P', analogous in the sphere of figure 3 to the inverse 
point of P. 

The pole of the tangent plane at P with respect to the ellipsoid AE will 
be at Q on the normal PQ, with coordinates 

« 2 fl ^y y 2 z , /«x 

3, + a 2 ' X + £ 2 ' K+y 2 ' { } 

and PQ will be the normal at Q of the ellipsoid through Q, homothetic with 

the ellipsoid through P. 

If EQ makes an angle with the normal at E, 

a 2 x 
x — - 

cos = j ? na " +••••, (9) 



~ ^+a 2 
#0 


+ ...., 




a%e' 


yy' 

*+/3 2 


zz' \ 


X + a 2 


a+y 2 /' 


xx' 


yy' 


as' \ 



wcos^^i-^,-^-^-,;, do, 

SPcos^l-^-^,-^), (11) 

i£# p sec 



EP nr sec O ' 



(12) 



dF p cos 6 dS EQ a , Q EQ S 

— — w Gosdd8——~m dLl'. (13) 



kGp EP 2 EP 3 u EP S 

But this is not a constant multiple of d£i' on the ellipsoid, but only on the 
sphere, and so the analogy breaks down with P' at Q, and some other position 
must be found' for P', say on the line of force PA. 

25. In a reduction to a standard form of the elliptic integral, take 

a 2 </? 2 <y 2 , and then s 1 >s 2 >s s , (1) 

on putting 

4<+a 2 , 4+/? 2 , ^+y 2 = m 2 (s- Sl , s-s 2 , s-8,), (2) 

J±___ds__ r M V(y 2 -a 2 )^ _ r V(s 1 -s s )ds _ 
P(4,)- m ^S' A P(i) ~J* ' yJS ' y) 

sn 2 eK= ^ = £^ , cn 2 eK= ^ , dn 2 eK= £±g (4) 



a—s s X+y 2 ' h+y 2 ' K+y z 



K 1,2 _2 ' * ..2 „2 

y — a y — a 



(5) 
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Then, putting X=0, E = l in (6), § 24, the reciprocal of the capacity of the 

ellipsoid (1), §22, is 

-i a 
C dj, _ eK y 

Jo P(^) V(y 2 -« 2 ) ~ V(r 2 -« 2 ) ' 

Thus, to determine "k for an ellipsoid of double capacity, we take the 
formulas for f eK, 

sn^eK- 1 + dneK , x+r 2- y+j g, (7) 

k+y 2 =y + a-y+P, X+/3 2 =/3+y -/3+a, M-a 2 =a+/3- a + y, (8) 

(Hargreave's Messenger of Mathematics, August, 1912). 
For an oblate ellipsoid, P=y=aseoO, *=0, 

r x di> r 



d^i r d^ _ 1 _j a 

h P~W)~J 2(4-+i3 2 )V(^+a 2 ) ~V(y 2 -a 2 ) C ° S 7 

i ,.-,V(r 8 -" 2 )_ o _ g 



V(y 2— « 2 ) 7 y sin atanfl' *■ ^ 

For a prolate ellipsoid, a=/3, *=1, 

C dj> _ r d± _ l ,_, r 

Jo P(J-) J 2(4<+a 2 )V(4<+y 2 ) ~ V(y 2 -a 2 ) a 



sh-i V(r 2 -" 2 ) . (10) 



V^-a 2 ) 

giving the capacity of the sphere by the radius, when a=/3=y. 

For an elliptic plate <x=0, cn -1 0=Z", x'= — , making the capacity y^-K; 

agreeing with the circular plate when /3=y, x=0, K=\n. Or, as in §8, the 
capacity of the elliptic plate is the Gauss A. G. M. of /? and y, divided by i n. 

To determine % for an ellipsoid of w-fold capacity of the elliptic plate 
requires the elliptic functions of K/n. 

Thus, as before in (8), for double capacity, %=fiy with <x=0. 

For three-fold capacity, from the formula 

sniK+ C n§K=l, sn ^+^^=l, (11) 

V(*+r 2 ) i £V(*+r 2 ) _-, y £ _, n2 . 

y + rV(*+/3 2 ) ' V(*+r 2 ) V(*+/* 2 ) ' K } 

leading on rationalisation to 

tf— 6fi 2 y 2 X 2 — 4(/3 2 + r 2 )/3yx~3/3V 4 =0, (13) 

a Jacobian quartic for A. 



364 Gbeenhill : The Potential of a Lens, and Allied Physical Problems. 
Or, for a condenser of capacity 50 per cent greater than the plate, 

3; u 4 +4(/3 2 + r 2 )a 3 +6/3V 2 ^ 2 -/?V 4 =0» (15) 

the same Jacobian quartic (13) as before, with the substitution (A,, i-Z 

26. With (9), § 22, for the homogeneous ellipsoid of mass M, 
W 

changing in the interior to 
W 



=D(h)—x 2 A(k)—y 2 B(X)—s 2 C(%), (1) 



GM 



D(0)—x 2 A(0)—y 2 B(0)—s 2 C(0), (2) 



2 < 

mm- f"_#__ e ^ 2 ^_7 2 -^ 2 2 _ /-/3 2 



(3) 



A(X), B(X), C(X)-j x - p - p - i -^^^ +yi p^y — ^ ^ ^ , (4) 

iW+S(A)+CW=-^-, (5) 

and then with 



1111 /sn 2 w sn 2 w 



sn 2 w 



^+a 2 ' ^+(3 2 ' 4+r 2 ~ y 2 -a 2 Vcn 2 w ' dnV ""7 (6) 

A W ,B W ,C W = w ^j;(^, »*, sn 2 .)^, (7) 

three Elliptic Integrals of the Second Kind, 



( y 2 -a 2 )*UW,£W, G(X)] 

_ zs(l—e)K—eE e(E—x' 2 K)—zn(l—e)K e(K—E)—zneK 

x' 2 ~ ' ' *V 2 ' " ~ X 2 



(8) 



27. An ocean film, covering the surface of a Jacobian rotating ellipsoid, 
would have the depth inversely as the local gravity, or directly as p the per- 
pendicular on the tangent plane, neglecting its self -gravitation; and so it 
would resemble the electrical coating or charge on the insulated ellipsoid. 

But on Maclaurin's theorem, if the matter of the ellipsoid, § 22, was cut out 
and condensed on the surface, this film would have the same exterior potential 
as the solid ellipsoid if the thickness was inversely as p, as if a thin focoid of 
uniform density. 
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Maclaurin's theorem is equivalent then to saying that the external poten- 
tial of the solid ellipsoid is unaltered if a confocal cavity is excavated, and the 
stuff condensed uniformly in the remaining focoidal shell. 

Denoting by I, m, n, the direction cosines of the perpendicular p and p x on 
parallel tangent planes of the confocal ellipsoids defined by X and \, 

p 2 = (%+a 2 )l 2 + (2 + /3 2 )to 2 + {■K+f)n 2 =\ + o.H 2 + (S 2 m 2 +fn\ 
pt^+W + pW+fn 2 ; (1) 

and defining the thickness of the focoidal shell by the distance between the two 
parallel tangent planes 

Pi-P 2 =*i-*, Pi-p=^~ ; (2) 

reducing for a thin shell to a thickness 

d *=2p- < 3 > 

In Thomson and Tait's " Natural Philosophy " (T and T •, % 494 d,) the 
problem is considered in the reverse way by taking a P. F. 

(X 2 14 2 Z 2 \ 
1 2—%. 2 )' i ns id e the ellipsoid ; V=0 in exterior space ; (4) 

so that V is continuous, but its variation is discontinuous in crossing the ellip- 
soid ; thence the appropriate density p is determined by Laplace's equation, 

47i6rp = — v 2 F= —2 + -m -\ 2> inside the ellipsoid, but outside = 0; (5) 

and, in crossing the surface, the superficial density a is given by 
. n dV dV px , px 2 1 

* nGa = -dp=^i 2+ ----=-^F----=—p- ( 6 > 

Thus the focoidal film or shell of superficial density a = p will have 
the same exterior potential as the solid ellipsoid of density 

1 /l , A , 1\ 

p ~ 4nG\a. 2 ^ P 2 ^ r 2 /' 

and the same mass ; since, integrating over the surface 8, and volume V, 

JdS 1 rldydz-\-mdzdx-\-ndxdy 

inGp ~ 4nGJ p 

1 r Ixdydz ydzdx zdxdy\ 

=i^(^+^ + ?) =Fp=M - (7) 
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Thence for the focoid shell 

outside, W=iQMC(l-J*-* -t^)-^- (8) 

A \ i,+a? ^+ P 2 4>+yV P(4>) { } 

inside, W=IGM f" 



X 2 



y 2 


z 2 \ di> 
s 2 \ ^ 


4+p 2 
(l x * 


4+y 2 / P W 
y 2 z 2 \ 


V- a 2 


(3* fJ- 



4+ a 2 

llTitt /3y+y 2 a 2 + a 2 /3 2 \ a 2 /3 2 y 2 /' *' 

So that if the solid ellipsoid (1), § 22, is not homogeneous, but stratified 
in confocals, the exterior potential is unaltered. 

But if the strata are similar homothetic ellipsoids, then 

W=2nG*ByCf(l x l £- _ * \J±- ( W ) 

^^o^ 1 *+a 2 ^+ j 8 2 ^+yVP(^)' (1U) 

where the density is given by 

Thus, if there is a cavity of semi-axes &(a, /?, y) in a thick homeoid, the 
potential in the interior is given by 

W=27tG*Py[f(l-k*)-f(0)]fJJ^. (12) 

Consult memoirs on this subject by Ferrers and Dyson, in the Quarterly 
Journal of Mathematics, XIV, p. 1, 1877, and XXV, p. 259, 1890. 

28. We resume here the interpretation of the terms in the potential W 
in (9), § 22, as we think it would strike a Maxwell or Clifford, in an investiga- 
tion of the physical meaning of them, to show reason why these terms depend- 
ing on the matter inside the ellipsoid and on the surface should arise in an 
integration extending through exterior space, beyond the attracted point away 
to infinity. 

In his " Biographical Introduction " to Clifford's " Lectures and Essays," 
Sir Frederick Pollock cites his reminiscence of a walk with Clifford at Cam- 
bridge, "when Clifford explained to him in words the inner meaning of Ivory's 
theorem, and its geometrical conditions, omitting all the formidable apparatus 
of coordinates and integrals, where the chain of symbolic proof seemed artificial 
and dead, and failed to satisfy the reason where it compelled the understanding." 

Clifford's line of argument is probably the same as that incorporated later 
in T and T ', § 532, depending on Ivory's theorem of corresponding points. 
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In an associated problem of hydrodynamics or induced magnetism, we 

can take the function -~=— as a new P. F., and give a physical interpretation. 

dW 
According to Maxwell (E. and M. II, §437),--^— for any attracting solid 

ax 

will give the magnetic potential or velocity function of the body, only however, 

dW . 
when -=— is a linear function of the coordinates x, y, z, within the body, and 

W is then a quadratic function in the interior. 

The only case with which we are acquainted in which W is a quadratic 
function of the coordinates within the body is that in which the body is 
bounded by a complete surface of the second degree. 

But in the case of a lens, bounded by portions of a spherical surface, W 

is not a quadratic function, so that -=— will not give a velocity function for 

the movement of the surface, or a magnetic potential for uniform magnetiza- 
tion in that direction. 

29. Begin by considering the hydrodynamical interpretation of the com- 
ponent -j- of the attraction of the ellipsoid, by taking an equivalent velocity 
function 

Q=xA{X), or more generally, x[A (X)-A(X 1 )] = f%£_ *^. (i) 

The up-gradient of <£> in the direction of the normal of the confocal X is 
then, writing A, A x for A (/I), A^), 

dq> dx dA ... . . . , n dA 



or with 



d<p 



= -Z(A+fl + C)=-to, u = A 1 +B + C, (4) 

taking the down-gradient of <£> as the velocity; and this shows that any con- 
focal a, may be supposed to swim in the liquid for a moment, without distortion, 
with this velocity u parallel to Ox. 

At infinity, B and C = 0, and u = A 1 , so that A X =Q, /l 1 = oo is required to 
make the velocity there zero. 
47 
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But in (4) the normal velocity is zero over the ellipsoid X 2 , where 

B{\)+C{\)=-A{\), (5) 

requiring /l x + a 2 to be negative, and making in (1), 

$=x[A{X)+B(\)+C(\)-\. (6) 

Thus, if there is an infinite stream with velocity — V parallel to Ox, and 
the ellipsoid \ is inserted, the velocity function is changed from TJx to 

and with the stream reduced to rest, and the ellipsoid \ advancing with 
velocity U, 

*= Vx idc>- (8) 

And generally, in the space between the ellipsoids 2, 3 , \ , 

(P=ZX — B. + C.-Br-Ct ' (9) 

with the ellipsoid /l 3 , %± advancing with velocity u % ,u±; reducing with vl^ — vl^—TJ 
to <$ = — TJx. 

30. To show how the continuity of the liquid requires that A{X) should 
have the form given in (1), §29, consider the flow across the annular section 
K — K 2 made by x — of the ellipsoid X, and an interior ellipsoid X 2 , moving 
with velocity u and u 2 along Ox. 

Then uK—u 2 K 2 is the rate of increase of volume between the two half 
ellipsoids, and this must be made good by filling up of the flow of the liquid 

across the annulus, with velocity — A + A lf since x=0 makes ~ =A — A x . 
The integral equation of continuity is then 

uK—u 2 K 2 + ( (A~A 1 )dK=0, (1) 

and differentiating with respect to X for the differential equation of continuity 

luK+ i A-A l) f=0, ±. { u+A-A>)K-^K=0. (2) 

With the value of u from (2), (3), (4), § 29, 

d A 
u + A-A^ = -2{l+a?)~, (3) 



2 



H>+">£*]+£*=°- 2 <*+^(f *)+ 3 ^=»- <*) 
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and integrating 

so that with 



dA 

-jr-K(A+a 2 ) l = constant; 
dA 

irtP 



V(^+<* 2 ) 



dA _ constant 
~dA~~ (a+o. 2 )P(a)' 



(5) 

(6) 
(7) 



as in (1), §29. 

31. When the ellipsoid of § 22 is of revolution, make the circle on AB 
the focal circle for an oblate spheroid by putting @—y, as in (9), § 25, but for 
a prolate spheroid take AB as the focal line, and put /? = a, as in (10), §25. 
Then in parallel columns : 



Spheroid 



Oblate, on axis Ox 



a+o. 2 

* + £ 2 

,3 2 -a 2 

AB 
PA+PB 

P(A) 



aD(A)=f 



ad^ 



x PW 



a s A(A) 

a s B(l) 

aW 
§GM 



At infinity 

a s ^(oD) = a 9 £(oo) 
rF(ao) 



IGM 

a s N 
§GM 



a 2 cot 2 



a- 



:B 2 



Prolate, on axis Oy 



sh 2 £ 



= £ 2 



a 2 sec 2 <a 



a' 

sin u 
cos w 



9.n s 



sin°o 



tan (o — a 
\ a— \ sin 2u 



a; 



co 2 (tano — w) 



2 i 2 

•^±i- (ia— 1 sin 2co) 



a' 



(j = sin cj = 



i« 3 



#2/ 2 (i«— |sin2«) +fic 3 tan 8 a 



ch 2 £ 
sh 2 £ 



th£ 



2a- 



3 _chj; 

sh 3 £ 



ish2^-K 
f-th? 






i? 



^(ish 2 ^-iO+f2/ 3 sh^ 
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The Hyper geometric Function in its Physical Applications. 

32. Many of the functions required in a physical problem can be classed 
in a special case of the Hypergeometric (H. G.) Function, defined in Forsyth's 
" Differential Equations/' Chapter VI. 

Beginning with Euler's First and Second Integral, called the Gamma and 
Beta Function, defined by 

T(n)= C e~ x x n ~ l dx = — fer^'de, (1) 

«^o n Jo 

B(m,n)= C's^il— sy-'ds = 2 f^ (sin 6y m ~ l (cos 6y n ~'d6, (2) 

Jo Jo 

with 6'= sin 2 0, 1 — s= cos 2 0; they are connected by the relation 

B{m ' n) = T(n7+n-)> (3) 

so that the Gamma Function alone requires tabulation, given by Bertrand 
(Integral Calculus) as log Tn, and between and 1 for n, since r(» + l) —nTn. 
Proceeding with a generalization, the definite integral 

P(a, (3, y,-x) = A f 1 s fi - 1 (l—8y- f >- 1 {l—as8)—d8 (4) 

Jo 

defines the Hypergeometric Function, where A is chosen so as to make the 

function unity when x = 0, and the function reduces to a Beta Function; so that 

Af 1 s p - 1 (l-s)^- 1 ds = l, ~=B(@,y—P). (5) 

Jo A 

Introducing the Elliptic Function, and putting 

s = stl 2 v, 1 — s = cn 2 f, 1 — xs — dn 2 v, x = x 2 , (6) 

F(a, /3, y, x)=2A f %nv)^- 1 (cnv)^- w -Mdiit;)-- 2o+1 dv, (7) 

Jo 

or with v = eK, 

F(a, p, y, x) = 2A C (sneK^-^cneKy-^-^dne^-^^Kde, (8) 

J e-0 

where /3 and y — /3 must be positive ; and this is in a form analogous to Euler's 

Second Integral in (2). 

Then F is a solution of the hypergeometric differential equation (Forsyth's 

D. E., Chapter VI), 

d 2 F dF 

*d~*) ^ + [y-(a + (3 + l)x]^ -«0F = O. (9) 

Schwartz has shown that F(a, /?, y, x) is an algebraical function of the 
fourth element x in the special cases identified by Klein in his " Ikosahedron " 
as the polyhedral functions. 
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The XXIV transformations of the H. G. function in (8) are then obtained 
from the four arguments : 

v + 0, K, K+K'i, K'i, (10) 

with Abel's six linear transformations for the modulus : 

x, 1—x, , -, , — , (11) 

1 — X X — 1 XX v ' 

a succession of the complementary and reciprocal modulus. 

33. In the special case of <x+/3 = l, y = l, then (9), §32, becomes the 
D. E. of the zonal harmonic of order n, where 

-w(w + l)= — a/3 = — N, suppose, n+i = V(i— #)> (1) 

and for any order n, integral, fractional, or complex, the zonal harmonic of 
x= sin 2 i0 is 

P.=F= 2A f(Bl^l) m -""" M dv =A r( 1 =^.Y (, - n dw , (2) 
Jo \ cn« / Jo \l + cnw/ 

with w = 2v, and a modular angle | 6. 

Should \ — N be negative, a Mehler function arises of order p = y/(N — i), 
given by 

F= f 2 *cos logl 1 -™™ )^™, (3) 

Jo \l + cnw/ 

satisfying the D. E. 

X{1 ~ X) ^ + {1 ~ 2X) -c^- {p * +i)F = °- (4) 

If we put 

=e a , cnw = thia, snw = sechia, dnM7 = sech*aV(ch 2 A a — x), (5) 

1— -cnw ' 

— snwdnwdw = Jsech 2 i ada, dw= ,,■,*+ r, (6) 

y (en f a — x) 



then with p = y*(% — N), as in (2), 

F-ACe" idct -aC'° ePada -AC oh P ada ( 7 ) 

J- x -\/(ch 2 |a — x) Jo, -« V(ch 2 |a — x) Jo ^/(ch^a — x) ' 

changing in (3), where p=^(N — i), to 

F— A C C0S ^ a ^ a (81 

Jo V(ch 2 ia-«)* ^ ' 

Hobson's expression (Phil. Trans., 1896) for the Mehler function of order p, 
solution of (4) ; and so a H. G. function of imaginary order, with 

a=i+#*, fi =: k—P% T=h «=sin 2 40. (9) 
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The Tesseral Harmonic (Hobson, Phil. Trans., 1896), 

P %tm < Jl ) = Y ±- ) (h=^jF\-n, n + 1, 1+m, i(l-p) j (10) 

can then be expressed by the definite integral 

(cnvy m dv, (11) 

c 2K t 1— en w \" +i / dn w + on w \ m , (12) 

X \ l + oii w) \ 1 + dnw I W ' ^ ' 



or 



r a 

34. Comparing the expansion, in ascending powers of — or — , of the 

" " a r 

typical terms -~- and R of the P. F. and S. F., where 

R 2 = a 2 —2ar(i + r 2 , (1) 

1 



£=2(— or IprjW, (3) 

then P„([i) is the zonal harmonic, and I n ((i) the associated function for the 
S. F., and then in (2), §4, and (2), § 6, with 

<c = i(l— ^)=sin 2 -§0, %' = i(l+[i) = cos 2 i6, 
£<l-^+„(„+l)P.=0, |(^^)+»(»+l)P,=0, (4) 

< 1 -C , )^+«(»+l) 1 '.=0. ^'H+»(«+l)/„=0, (5) 

so that 

^n p t rnj 1_ i" 2 dP n 1 . a dP n 

a/« w(«+l) a," n(n+l) dd v ' 

And when n is an integer, 

(2» + l)7.= P n+1 -P n _ lf (8) 

4=--P n+ i + 2^P„-P„_ 1 , (9) 

n(n + l)I n ^-{l-^)-^ = {n+l){P n+1 - i iP n )=n{ l iP-P n _ 1 ), (10) 
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and so on, as discussed by Sampson on the " Stokes Current Function," Phil. 
Trans., 1890, where the expressions given for /„ by the H. G. formulas can be 
replaced by definite integrals of the elliptic function. 
The relations between a P. F. V and its S. F. N 

. a dV dN . „ dV dN 

rmn6 ~dr-=7d6> rSm0 ^ = -^ (11) 

are satisfied then by typical terms, such as 

(^r"+5r-"- 1 )P n (^) in V, and [nAr n+1 + (n+l)Br-*]I n (p) in N ; (12) 

and constant V and N represent orthogonal surfaces ; and I n may be replaced 
by P^-P^ in (8). 

35. The Hicks toroidal function (Phil. Trans., 1881-4) is of similar 
nature, defined by 

o (chw + shwCOS0) m+ *' (1) 

solution of the D. E. 

(i'-tJ rip 

^r + cothw^- — (m 2 — i)P=0; (2) 

dw du 

or writing C and S for ch u and sh «, and putting 

G + l = 2 ah 2 ^u=2x, G— 1 = 2 sh 2 i u = 2(x— 1), (3) 

d 2 P dP _d 2 P C dP _ 1 d ( s dP 

du 2 du du 2 8 du 8 du\ du 

= lc {C - 1) Jc =z d X x{x - 1) ~dx: 
^__ (1 _ 2x) dP 

dx 2 ~ dx 

the H. G. D. E. with 



= - x (l-x)~--(l-2x)~ = (m»-i)P, (4) 

a+/? = l, 7 = 1, a/?=— w 2 + i, a, /3 = i±m., (5) 



Then 

C+S cos 0=C+£— 28 sin 2 4 0=e M A 2 i0 = ^V 1 



„ , , /"»** 2di$ n . , p° dv n . , /»7dnv\ 2m 7 /IT , 

*.<«)=/ (^l^ 1 w / J^T y 7 ^/ ' (7) 



Vy// ° V Vr 

as the value is unaltered on changing v into 6r — v 
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The sequence equation, 

(2m+l)P m+1 -4mCP m + (2m-l)P m _ 1 =0, (8) 

a difference equation with solution P m , is then obtained by an integration 
between and G of the differentiation 

d y 2 /dnvV" 1 - 1 /0 l1x /dnv\ 2m+2 

dv / V Vr / \ V// 

~ 4m(7 (v// +( Hv// " ( } 

Starting with 
P =2-Vy'F(y), Pf^, andthen i > .=f(-p +/) ^r -fV/^(y), (10) 

the sequence equation (8) will determine P m for integral values of m. 

36. In a quadric transformation of the toroidal function in (7), §35, put 



1—7' _ , 1+x 2 a 2x 
'— -, . , , C = ch«=- s-, #= - 2 

1+/ i—^ i— « 



x = thiu= 1 ; 5,, , C=ch«= g-, 8= j, (1) 



_ i0 „ l+jcsin^ fl sin^—* 

C + #COS0 = :: : r, COS 0: 



1 — xsimj'' 1 — xsin^' 

sinfl^/ 008 * tanH^^'-j^t, (2) 

1— * sin 4- 1— x l + sin-^ v ' 

yW+S^V)^-K^x) =X ' d ^ * = «*<"'*). «=d-2«)^ (3) 

P. = ^F(.), f,= ^t^ (5) 

2 „ _ 1— snj(l— 2e)K dn 2 eG _ l + xsn(l—2e)K 
7 l + sn(l-2e)A"' / ~~ 1— *sn(l— 2e)JK:' () 

This quadric transformation is illustrated geometrically on an ellipse of 
excentricity x = th%u, in the connection between 6 the focal angle or true 
anomaly from perihelion, and 4* the minor excentric angle or anomaly ; and 
then with v = eG, w= (l—2e)K, 6=2 am eG, ^ = am (1— 2e) K. 

It is also shown on figure 5, in the expression of the potential of an anchor 
ring or torus, discussed by Dyson, Phil. Trans., 1893. 

37. In the reduction of the toroidal of the second kind 

Qm{u) = X JC+S ch 6T+i~' (1) 
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substitute 



ch|0' = sectf>, sh|0'=tand>, d0' = 2secd»<% 

C+£ch0' = — — V> to modulus y' = e~ u , 
y' cos 2 d> ' ' 

dd' 2\/y'd$ n , 7 



Jq \ A* / Ad> 



J.G' ~G' 

[sn(G—v')] 2m dv' = 2y' m+i f (snv') 2m dv'. 



(2) 
(3) 

(4) 



(5) 




Fig. 5. 



And with this toroidal in the form (this v not the same as in § 35, but 
employed with u, in the stereographie coordinates of A. J. M., § 24, p. 411), i. e. 
of the former volume. 

n t„\ f r cos mvdv 



dv 



^(2-C+cosv)' 

\dv x'd\v 



V(2-C+cosv) " V(ch 2 |«— sin 2 !^) Miv,x') 

1—y' 
jc=sech|«, x=tkiu= - — —., 



7y- =x'dw', 



(7) 



the complementary quadric transformation, with ^=am(w', x')=am /iT, 

cos (2»»am«i')d«/, (8) 

The connection between the reduction of (1) and (6) is made through 



ooBii;= V( C + S chv') ^ ^_ ch|«sh«' 



shi«+ ch^Mchv" 
dv' 
V(2-C+cosv) " : V(C+£ chv')' 



sm ^v = 



sh| w+ch^Mchi/' 



rfv 



(9) 
(10) 



cnfG'dnfG' 



'*■ l + y'sn 2 /£" an/tT -l + y'sn 2 f(?" (11) 



cn / Z ' l +J / S n 2 /G" Sn '" l + y'sn 2 /£" ~'~ ~l + y'sn 2 /G' 

in the complementary quadric transformation to § 36. 

48 
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Then Basset's function L m ("Hydrodynamics" I, p. 107) denned, with 

c — e~ % —y\ by 

T r w cos(m— l)v— cos(m + l)v _ , 

(2m + 3)L m+1 -4mCL m + (2w-3)L m _ 1 =0. (13) 

A comparison can be made too with the expressions given in Todhunter's 
" Functions of Laplace, Lame, and Bessel," Chapter IV. 

38. For the potential V of a solid anchor ring of mass M at a point E 
on the axis (Dyson, Phih Trans., 1893; Eouth, "Statics," II, p. 96), we take 
their expression: 

F_„_2_ f" Bva?-4>d4> (1) 

M~~ nX EQ ' { ) 

where on figure 5, EC=A, CQ = a, OC = c, ACQ=^=2a>, 

EQ 2 =r*=A*+2aA cos ^ + fl 2 = (4 + a) 2 cos 2 w+ (/I— a) 2 sin 2 o, (2) 

and with EA=A+a — r x , EB=A — a — r % , 

V __ 4 r* T sin 2 26)^o 

If ~~ ~rtJo y(r 2 cos 2 o+r|sin 2 o)) ' 

With r for variable, and writing R for r 2 — r 2 • I s — r\, 

• 2 __ rf— r 2 2 _ r 2 — fj da dr 

smu - r i_ r i> cos °- r 2_ f 2> y(rf cos 2 o+r|siii 8 a>) _ y/B ' 



M 



, 2 16 „, fV^. (5) 

Integrating by parts, 

ft f 

SVRdr = rs/R-f[(r* 1 +ti)f'-2r*] -^ 

= r^R-2WRdr+(rt + rt)f^--2rlrif- dr 






=iryR+Uti + fi)f^-ifi<if-^g. (6) 



Between the limits r 2 and r 1} 



V __ 16 (r 2 + f 2 )r 2 £( y )-2r 2 r 2 F( r ) _ 16 (l+/ 2 )ff ( r )-2/ 2 F( y ) 



M ~ 37tr x (r|— r|) 2 3w! y 



(8) 
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Or with a quadric transformation, as in Bouth, " Statics," II, p. 96, with 
D, E inverse points in the circle AQB, and putting, as in pendulum motion, 

CEQ = CQD=t$, CDQ = CQE=<j>=^—iO, 

M ~ nA 2 



4 />hv 

■ /cos 2 ^>V(^ 2 '— « 2 sin 2 4>)^= — - j cos 2 4>A(4>, x)d<f>, 

7lA Jo 



x -±-kzf (q) 



M 7lA Je=0 TlAJ \ X % X 2 J 

4 f-'rVVdnvV x'WdnvVl, 4 1 lx' 2 D x' s T> \ nfU 



in the sequence equation (8), §35, making 

V 4 2(l + x' 2 )E(x)—x' s F(x) 



(11) 



M 3nA x 2 

a quadric transformation of the expression in (8). 

So also for U, the skin potential of the anchor ring, if R is the midpoint 
of QQ', 

U 
M 



=S^^=^Sy^-a^ f)i ^^S^= ^i. (12) 



39. As shown on figure 1 and in § 37, 

„ , PB EB 1—x OE .. _ 

6 > = ? = p2 = ea == I+-»' x =-ol= thiu > 

i v =DEp = DPB = am fK', DEP = &m (l-f)K', 

EBP = am 2fG', DBP = am 2 ( 1 — /) G' ; 
Cl = 2n(l—f) -4K zn fK' = 2n{l—f) —2G zn 2fG'—2Gf sn 2fG'. 

The point P may be supposed to circulate round the circle on DE in pen- 
dulum motion, with velocity due to the level of Ox, or proportional to BP or 
AP. 

Starting from E, where /=0, D, — 27t, as P moves along the semicircle 
E8D, f grows from to 1, and XI diminishes from 2n to 0. As P continues to 
complete the circuit back to E, f grows from 1 to 2, and XI is negative, decreas- 
ing from to — 2n. 

Thus 47i must be added to XI in crossing the disc AB to make a fresh start ; 
or P moving the other way round, clockwise, 4n must be subtracted in passing 
through E, as twelve hours is subtracted in passing through XII o'clock. 

The angle <j!> = am fG' in §37 is constructed by bisecting the angle EBP in 
fig. 1 by By, crossing Dp in y, and then drawing the coaxial circle touching Dp 
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at y, on diameter de on DE, with limiting points A and B, and yd, ye bisect 
AyB externally and internally. Then, with centre at a, if dr, es are the tan- 
gents at d, e, the line rs passes through B, and crosses the circle on FB in q, 
at the same level as a, because Fq at right angles to Bq bisects rs. 
Then with DBp = am 2 fG', DBr = amfG'=<}>, 

, DB EB DB—EB FB _ BD . . ^ „„ , 2 .„, 
y = DA = El=DA=EA = FE' F°=™ Bm'*=FE •? «tfG>; 

and with DEp=\v — am fK', 

tK'-Mz-M. Ea - EF — Fa _ l —y sn2 f & 

dn f K ~ BD - yD - aD ~ DF+Fa ~ 1+y' sn 2 /G * 
Again, by the property of coaxial circles, 

ll = !i = W = sin * ; Dy=DF(l+y) S nfG', 

■ , • r, #*/ (l+yjan/flf 

sn /fiT' = sin f v = sin Day= -^— = -, , , — 2 ,,■„ ; 
' ■* * Da 1+y sn fG' 

and 

ay 2 =aB • aA=FB cn 2 fG' • FA dn 2 fG'=FE 2 en 2 fG' dn 2 fG', 

ay cnfG'dnfG' 

en /a' = cos D Ay = -^- = -r— — - — 0-7777- 
1 * Da l + y'sn 2 fG' 

In a transformation with the stereographic coordinates (u, v ) of the point 

P, where 

., , . , . , a(shu, sin v) 

w + ^ = athi(w+*t'), w, a;= — ^ r , 

" *\ i /> &> chw+cosv 

the circular arc APB, orthogonal to the circle DPE, will cross AB at the 
curvilinear angle ABP — v = 2 am fK'— DFp, while the rectilinear angle 
ABP= am 2fG'. 

40. Shown on figure 2 and in § 36, 
*=^ = i=^ = thitt, |0=(.>=A&Q=ameG, AQE = ABq= am (1— e)G, 

AQq'= am (l + e)G-, and QE = AE dn etf, Eq=AE dn (1— e)G. 

The point () may be supposed to circulate round the circle on AB in pen- 
dulum motion, with velocity due to the level of F, or proportional to EQ or DQ. 

When turned about Oy into planes at right angles, the P and Q circles of 
figure 1 and 2 are linked as a magnetic and electric circuit. 
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The quadric transformation of § 36 is shown by drawing the perpendicular 
OR, AX on Qq; and then, with OER = z = am2eK, 

OR = OE sin x =OQ-xsn2eK, QR=OQdn2eK, 
ER = OE cos z = OQ • xan2eK, RX = OQ cn2eK ; 

and in (6) §36, 

_ tneG _ temABQ 
y tn ecr_ tn(1 _ e)(? - tanABq 

tan ^igQ QX _ QR—RX _ dn 2 eg— en 2 eg 



_ tan^Qg~Xg Qfl+BX dn 2eg+cn 2eg' 

dn 2 e£ dne& _ <2# _ QR+RE _ dn 2eA' + * en 2eA~ 

jT - _ dn(l— e)G~~ Eq~ QR—RE" dn2eK—x cn2eK' 

But if L is taken in OE such that EL=x'-LO, then LR — LO dn 2eg; 
and if jBL is produced to meet the circle on OE again in R', 

OER' = ORR' = am (l—2e)K; 
and 

LR sin ORL = OL cos %, sin ORR' — y^cn2eg= -, — ^-^ = sn(l— 2e)g=sin'4<; 

and the angle ^ of the results in § 36 is shown in figure 2 by the angle ORL. 
Continuing the quadric transformation, 

OLR = a m±eL, *.= —^ = { T ^) = m , 

if (7 is the centre of the circle on OE ; and so on. 

41. Maxwell obtains the expression of U, £1, £1' for a point Q on the axis, 
in a series of powers of 2 = CQ ; and thence infers the series for a point P off 
the axis by introducing the zonal harmonic Qi(<p) of the appropriate order i, 
as a factor of each term. 

His method can be extended to the determination in the A. J. M. of W, W 

(§3), —tt and V (§6), -% — (§15) and v (§16) for a thin lens; and an iden- 
tification made of the result for a point Q on the axis, and thence generally 
for P off the axis. 

The complicated dissection and integrations can then be avoided, required 
in G. W. Hill's method, although the results of his method must serve as a 
guide to a form, intangible and invisible otherwise. 
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Beginning with £1{Q), the conical angle subtended at Q by the spherical 
segment on its circular base AB, 

£l(Q) ., QO 1 ceosy—z I z\ c 

= l-(eoBy-±)(l+XQ t £), (!) 

writing Q t for the zonal harmonic Qi(y), 

-iii =1— cosy + (Qo—Qi cos y)-j+ (Q1—Q2 cos y) -^ 

+ .... + (&-i-&cosy)|-...., (2) 

and with z=0, £l(C) = 27i(l — cos y). 

But at Q', inverse point of Q, and with the other aspect of the spherical 
surface, 

In ~ Q'A Q'A 

= (z'-CGOBy)(^ +Q t y 2 + . . . . + Q t ~+ . . . .^)-l 

= (Q 2 -Q 1 cosy) y 2 + . . . . + (Q i+1 -Q i cosy)-^ T + . . . ., (3) 

and then in £1' or fl(P') at P', replace -^ by -^ ^(^) = -^ &(<?>), so that 

-|^ =2(^ +1 -^ COS y) -J &(<?>). (4) 

This makes 

5£±^'= c (l_cosy)+c2(Q < _ 1 -2&cosy + & + i) ■£&(*) (5) 

P 

which agrees with Maxwell's result for ^- (E. and M., §694), because 

and ;«= cosy. Also 

Next for TF, the P. F. of the circular plate AB (A. J. M., § 3), 

-2^-X V(y 2 +Q0 2 )- QA Q0 ~ QA uv 

= c*(l-2^cosy+ ^)L(q 0+Qi ± + . . . . +Qt *_ . . . 

— ccosy+s, (8) 
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-|^ =1-oob y+ (1-cos y) y + (<2 -2<2 1 cosy + <? 2 ) -J 

+ ■••• + (&- 2 -2&_i cos y+&) -J . . . . , (9) 

c 2 
+ ccos y— 2' = (# -— 2#iCosy + Q 2 ) ~r 



+ .... + (&-2<2 m cos y+£ i+2 ) 4+i • • • -, (10) 



s' 



^|^ = i sin 2 r +(Q 1 -2Q t cosy + G.) y 



+ (Qi-2Q i+1 cos y + & +2 ) ^ . . . . (11) 

W{Q) 2nChc* Q ' )Z ' =id-cosy) (3 + cosy) + i(l-cosy) 2 (2 + cosy) -?-.... 

+ (G<-«-2G<-i cos y+2&-2& +1 cosy + &+,)-$■ • • • ., (12) 

WrA-W'r' r l 

- i ^^-=2($ t _ 2 -2ft_ 1 cosy + 2^-2^ +1 cosy+^ +2 ) 7 «,(<!)). (13) 

So far all these functions are P. F.'s, P, ft, ft', U, W, W; but going back 
to A. J. M., § 3, for the expression -of W in terms of Pa, QA, Q.b, here QA is a 

S. F., given we find by 

W r { 

QA = Pa-£lb- ~ =c2(^_ 2 -^_a cos y) (P,_ x cos^-P,) -, 

^ gS S in»ysin'»&. 1 P < '_i(g>) _^ (U) 

(i — l)i c' ' 

42. The expression in (4), § 6, A. J. M., p. 384, of the axial component 
of the attraction of the plano-convex lens is the equivalent of the potential of 
the base AB, coated with density <r, less the potential of the spherical surface, 
coated at E with density <j(i, ^ = cos OGE. It will serve too for the magnetic 
potential of the lens, or equivalent current sheet round the portion of the 
spherical surface. 

The thin lens of § 15 may then be considered a spherical segment, coated 
with density <r(^ — cos y). 

The result of (4), §6, shows that the coating ap would have potential 
U(<j(i), which can be written 

U(ct(i)_W^ 1 dV _ Wc+W'r' ff(cr)cosy 



Ga ~ Ga Gp db 3G<jc ' 3Gt 

/ W \ / W \ r' 

:=i(^+ft C eosy) + i(^- + ft'ccosy) T . (1) 
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There is an opportunity for a geometrical interpretation on the lines of 
that given for U(<r) in §3, but a difficulty is to account for the factor |. 

To verify this in Maxwell's manner at a point Q on the axis, we have to 
evaluate 

2nG<7 = Jco sy V (c 2 -2cs cos y+z 2 ) = cJ \ 1+2 ^^j^5 
requiring J Q { fidfi. ■ ( 2 ) 

Mr. J. R. Wilton gives me the general formula 

A^ = <tM^M>. (3) 

But if i — j, we must make use of Hargreave's recurring formula 
(Whittaker, Analysis, p. 212). 

(2i + l)Q i i -(2i-l)Ql 1 =-^-[(QI+QU)-2Q i Q i _ 1 ]. (4) 

We only require here the special case of j = l, and then make use of the 
ordinary formulas, 

*&-i-(2* + l)&it*+(* + l)& + i = 0, (5) 



( 2^i)/^^=g,_ 1 -g i+1= iym, 



(6) 



( 2* + 1 ) j^Qvdy. = ifQ^dfi + (i+l) fQ i+1 d(i ; ( 7 ) 

and thence we find, after reduction, 

/ Q</t«fy* = ■£(&-«— <?<-i cos y + 2& sin 2 y— # i+1 cos y + Q f+2 ), 

vcos 7 

with fQ (j.d^ = i sin 2 y, fQ^dfi^i (1— cos 3 y) . (8) 

But according to the preceding expressions in (5) and (13) 

W(Q)c + W(Q')z' , £7(0) cosy 
2nG<jc + Ga 

=|c(l — cos y) (3+cos y) +i(l — cos y) (2 + cos y+cos 2 y)2. . . . 

+ (&-2-2<2;-i cos y+2Q i -2Q i+1 cos y+£ i+2 ) 4^.... 

c 

+ c cos y(l — cos y) + %z cos y sin 2 y. . . . 

z { 

+cos y ($;_!— 2Q cos y+#»+i) -^ 

c 

= fc sin 2 y + (1— cos 3 y)s. . . . 

z l 

+ (Qi-t—Qi-i cos y + 2Qi sin 2 y— Q i+1 cos y+ # i+2 ) — x , (9) 

c 

which adds the audit up, and so the identification is complete. 
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Then for v, the P. F. of the thin curved lens of § 15, treated as a spherical 
segment, coated with density <j(fi — cos y), 

v _ Wc+W'r'—2Uccosy v _ We+W'r'— 2Uc cosy 
Ga = 3 Gere ' Gm~~ %nG<sc z {l— cos y) 2 ' (10) 

if of mass m = 2nac 2 f ((i—cosy)dii=7iGC 2 (l — cosy) 2 . 

t/cos 7 

For a flat lens, with y = 0, this expression for v takes an indeterminate 
form, and is best evaluated independently, as in § 16, by a dissection of con- 
centric circles and radiating straight lines. 

The P. F. W of the flat disc may be evaluated at the same time in this 
manner, and then 

1 dW r a ydB __ _. T A 

P« dy PQ PQ c+A cosfl A cos 

y Jo P$'~ P^ PZ -Sl1 P£ Sh ~PZ~> (12) 

P#' 2 = ;? / 2 +2.4*/cos0+^ 2 + & 2 , P# 2 =a 2 +2.4acos0+^ 2 +6 2 , 

P^ 2 = .4 2 sin 2 0+& 2 , P0 2 =A 2 +b 2 , (13) 

f = _iocos|+iH^ ^ sin 6 PQ- A sin 

dd~ PZ 2 ' PQ + PZ 2 ^ ' 

43. The integral / Idd is intractable; it arises in the skin potential of the 

curved wall of a circular cylinder, and is shown graphically by a quadrature 
on the Mercator chart, as explained in the Trans. American Math. Society, 
October, 1907, §§ 53, 66. 

But / I A cos Odd is tractable, and integrating by parts 
f*IA cos m= (I A sin) 2 ,* -fifiA sin Odd 



+ 



PO f^-T&) M ' (15) 



in which the first integral is {2n— £l)b, as shown in the Trans. American Math. 
Society, §48, by a dissection of the circular area AB into sector elements 
■§ a 2 dd, and then 

W /* 4 2 -i-h 2 /» rift 

-q^=J PQdd-2nPO+ (2n-£l)b + QA—=^-J ~ +2n • PO-2nb 

= P-2QA+{2n-£l)b + QA- ^ P-2nb 

= Pa—QA—D.b, (16) 

as before. 
49 
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The flat lens may be considered a disc, coated with density 



a 2 / OA 2 ' 

and its potential is shown in § 16 to be expressible by the three elliptic 
integrals, of the I, II, and III kind, P, Q, and Cl. 

A formula of integration by parts will show that a similar expression is 

obtained for a density ail — -^ j , or otherwise for a density varying as some 

even power of y. 

But for an odd power, the intractable integral / Idd arises, in addition to 

the elliptic integrals. 

A formula of reduction is obtained by the integration of the relation 

j- (y"PQ') = [ (n + l)y n+1 + (2n + l)yM cos O+ny^iA' + b 2 ) ] -^7. (17) 

In the definite integral the algebraical part vanishes at both limits. 
Mr. Bromwich has expressed the results in a series in the Proc. London 
Math. Society, September, 1912. 

On the electrified disc, and on a flattened oblate spheroid, the density is 

crfl — ^J , with n = — |, |; and the result for the potential is non-elliptic and 

given already. A similar formula of reduction will give the result for a 

density all — ~ I , where i is an integer; and the evaluation should attract 

a careful worker, when the need arises in a physical problem. 

So also for the S. F. of these coatings of superficial density, to be worked 
out as an exercise. 

Staple Inn, London, October 12, 1915. 



